Introduction {#Sec1}
============

In recent years, after a solution was found to the well-known $\documentclass[12pt]{minimal}
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                \begin{document}$$A_2$$\end{document}$ conjecture \[[@CR24]\], the role of sparse operators has become increasingly important in the weighted theory of many operators, see for instance \[[@CR5], [@CR12], [@CR14], [@CR29], [@CR31]\] and references therein. Sparse domination yields optimal quantitative $\documentclass[12pt]{minimal}
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                \begin{document}$$1<p<\infty $$\end{document}$, for example, for the classical Riesz transforms in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {R}^n$$\end{document}$. As has been shown by Bernicot, Frey, and Petermichl \[[@CR6]\], the idea of sparse domination reaches far beyond the theory of Calderón--Zygmund operators. Indeed, one can consider the Riesz transform $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {R}^n$$\end{document}$, where *L* is the Laplace operator with respect to Neumann boundary conditions. Generally, the Riesz transform in such a setting does not satisfy any pointwise regularity estimates and therefore falls outside of the class of Calderón--Zygmund operators. However, it satisfies a sparse domination property which does in fact yield the quantitative weighted bounds from the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {R}^n$$\end{document}$, foregoing the full range of $\documentclass[12pt]{minimal}
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                \begin{document}$$1<p<\infty $$\end{document}$, one can consider the Riesz transform for elliptic operators $\documentclass[12pt]{minimal}
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                \begin{document}$$L=-{{\mathrm{div}}}(A\nabla )$$\end{document}$ for *A* with bounded, complex coefficients. Such operators are only bounded in $\documentclass[12pt]{minimal}
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                \begin{document}$$p_0<p<q_0$$\end{document}$, and it was established in \[[@CR6]\] that they satisfy a sparse domination property$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |\langle Tf,g\rangle |\le c\sum _{Q\in \mathscr {S}}\langle f\rangle _{p_0,Q}\langle g\rangle _{q_0',Q}|Q| \end{aligned}$$\end{document}$$from which general quantitative weighted bounds in the respective weighted $\documentclass[12pt]{minimal}
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                \begin{document}$$L^p$$\end{document}$-spaces are deduced.

For Calderón--Zygmund operators, weighted weak type (1, 1) estimates were established by Lerner et al. \[[@CR33]\] and later improved upon by Hytönen and Pérez \[[@CR26]\]. In this article, we establish the corresponding $\documentclass[12pt]{minimal}
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                \begin{document}$$(p_0,p_0)$$\end{document}$ estimate in the more general setting described above. The arguments used in \[[@CR33]\] rely on introducing weights in the classical arguments involving Calderón--Zygmund decompositions $\documentclass[12pt]{minimal}
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                \begin{document}$$f=g+b$$\end{document}$ and the vanishing mean value property of the 'bad' part *b* in combination with the Hörmander condition of the kernel of the operator. In general, the operators we are considering here need not be integral operators at all and for the more general operators such as the Riesz transform associated to an elliptic operator, an argument by Blunck and Kunstmann \[[@CR8]\] (see also \[[@CR23]\]) gave a weak type $\documentclass[12pt]{minimal}
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                \begin{document}$$L^{p_0}$$\end{document}$ Calderón--Zygmund decomposition, where a certain cancellation of the operator with respect to the semigroup generated by the elliptic operator replaces the regularity estimates of the kernel. Weights were then introduced into this argument by Auscher and Martell \[[@CR2]\], but it seems like these techniques do not yield optimal bounds in terms of the constants of the weights. Therefore, we give a new argument to establish the corresponding bounds while still recovering the old bounds found in \[[@CR26]\].

Here, in order to combine the previous approaches and to tie the theory together, we deduce quantitative weighted bounds directly from sparse domination assumptions. We introduce weights into a weak boundedness argument for sparse operators where there exists a Calderón--Zygmund decomposition with the property that the 'bad' part *b* cancels completely. We then combine this with generalizations of the main lemmata used in \[[@CR33]\]. Moreover, we leave the Euclidean setting and extend the results to more general doubling metric measure spaces including certain bounded domains and Riemannian manifolds as was also studied in \[[@CR8]\] and \[[@CR2], [@CR3]\].

In a last part we show that the strong type weighted estimates are optimal, given a precise control of the asymptotic behaviour of the unweighted $\documentclass[12pt]{minimal}
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                \begin{document}$$p=q_0$$\end{document}$. We give an example of such an operator in the case $\documentclass[12pt]{minimal}
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The Setting {#Sec2}
-----------
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                \begin{document}$$0<\mu (B)<\infty $$\end{document}$ for all balls *B* and which satisfies the doubling property, i.e. there is a $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mu (2B)\le C\mu (B) \end{aligned}$$\end{document}$$for all balls *B*, where 2*B* denotes the ball with the same centre as *B* and whose radius is twice that of the radius of *B*. Taking the smallest such *C* we define $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu :=\log _2 C$$\end{document}$, which we refer to as the *doubling dimension*. We write $\documentclass[12pt]{minimal}
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                \begin{document}$$|E|:=\mu (E)$$\end{document}$ and for each measurable set *E* of finite non-zero measure and each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<p\le \infty $$\end{document}$ we will write$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle f\rangle _{p,E}:=\Vert f\chi _E\Vert _{L^p(|E|^{-1}\mathrm {d}\mu )}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi _E$$\end{document}$ denotes the indicator function of the set *E*. We write $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in \big \{0,\frac{1}{3},\frac{2}{3}\big \}^n$$\end{document}$ we will consider the translated dyadic systems$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathscr {D}^\alpha :=\bigcup _{k\in \mathbf {Z}}\big \{2^{-k}\big ([0,1)^n+m+(-1)^k\alpha \big ):m\in \mathbf {Z}^n\big \}, \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {D}:=\cup _\alpha \mathscr {D}^\alpha $$\end{document}$.
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                \begin{document}$$\mathscr {D}$$\end{document}$ is used as a replacement for the collection of balls or the collection of all cubes in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {R}^n$$\end{document}$, which is justified by the fact that for any ball $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell (R)$$\end{document}$ denotes the side length of a cube *R*.
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### Remark 1.1 {#FPar1}
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### Definition 1.2 {#FPar2}

Let *T* be a (sub)linear operators, initially defined on $\documentclass[12pt]{minimal}
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Main Results {#Sec3}
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To continue on along this line of results, we establish the following:
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Both the proofs of ([1.9](#Equ9){ref-type=""}) and ([1.10](#Equ10){ref-type=""}) rely on taking a Calderón--Zygmund decomposition $\documentclass[12pt]{minimal}
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We note that in particular we recover the bound ([1.10](#Equ10){ref-type=""}). It is of interested to point out that we get this bound even for operators outside of the class of Calderón--Zygmund operators that are in $\documentclass[12pt]{minimal}
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We also establish a dual result of the type first studied in \[[@CR33]\], generalizing the result \[[@CR26], Theorem 1.23\]. Here we denote by $\documentclass[12pt]{minimal}
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### Theorem 1.5 {#FPar5}
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### Theorem 1.6 {#FPar6}
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Examples {#Sec4}
--------

There is a wealth of examples of sparsely dominated operators. Other than the class of Calderón--Zygmund operators, our main examples can be found in \[[@CR6], Sect. 3\]. See also the earlier work \[[@CR2]\]. We point out several examples of particular interest here.
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### Example 1.8 {#FPar8}
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Preliminaries {#Sec5}
=============

Notation {#Sec6}
--------
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We list some of the basic definitions and facts about weights. A measurable function $\documentclass[12pt]{minimal}
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For (i) we refer the reader to \[[@CR20], [@CR41]\]. Property (ii) can be found in \[[@CR28]\].
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Weighted Boundedness of Sparsely Dominated Operators {#Sec7}
----------------------------------------------------

We wish to give some heuristic arguments as to why we can expect certain weighted boundedness of sparsely dominated operators. We start with the following observation:

### Proposition 2.2 {#FPar12}
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The verification of the strong boundedness is by now standard, see also \[[@CR13]\]. While the weak type boundedness should be well known, we could not find a precise reference for the cases where $\documentclass[12pt]{minimal}
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### Remark 2.3 {#FPar14}

The cancellation of the 'bad' part *b* in our proofs occurs because we are able to perform our Calderón--Zygmund decomposition in the same dyadic grid as where the sparse domination occurs, see Lemma [4.6](#FPar32){ref-type="sec"}. The usual Whitney decomposition argument that is used for Calderón--Zygmund decompositions in general doubling metric measure spaces, as can be found for example in \[[@CR11], [@CR39]\], is not precise enough for this particular argument and we need to adapt the results so that they work with our dyadic grids.

Proofs of the Main Results {#Sec8}
==========================
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As an analogue to \[[@CR32], Lemma 3.2\] and \[[@CR26], Lemma 6.1\], our main lemma is the following:

Lemma 3.1 {#FPar15}
---------
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We point out that a similar type of result is established in \[[@CR15], Theorem B\].

Remark 3.2 {#FPar16}
----------
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We break up the proof of the main lemma into a sequence of lemmata.

Lemma 3.3 {#FPar17}
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Proof {#FPar18}
-----
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Lemma 3.4 {#FPar19}
---------
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Proof {#FPar20}
-----
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For the second case we assume that$$\documentclass[12pt]{minimal}
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For the proof of Lemma [3.1](#FPar15){ref-type="sec"} we will use a result that can be found in \[[@CR32], p. 8\] which states that$$\documentclass[12pt]{minimal}
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Proof of Lemma 3.1 {#FPar21}
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Proof of Theorem 1.3 {#FPar22}
--------------------
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Proof of Theorem 1.4 {#FPar23}
--------------------
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Proof of Theorem 1.5 {#FPar24}
--------------------
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Extensions of the Results to Spaces of Homogeneous Type {#Sec9}
=======================================================

This section is dedicated to extending our main results to spaces of homogeneous type $\documentclass[12pt]{minimal}
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We will consider the situations where *X* is unbounded and where *X* is bounded separately, the latter situation being simpler. To facilitate this, we impose that the underlying quasimetric space (*X*, *d*) has exactly one of the following properties:(I)There is a constant $\documentclass[12pt]{minimal}
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Proposition 4.1 {#FPar25}
---------------
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Proof {#FPar26}
-----
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We will use the following definition of a dyadic system in *X*.

Definition 4.2 {#FPar27}
--------------
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For a detailed discussion on the construction of dyadic systems and for the following theorem we refer the reader to \[[@CR25]\] and references therein.

Theorem 4.3 {#FPar28}
-----------
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For our main results we require that the Calderón--Zygmund decompositions we take are adapted to the dyadic grids obtained from this theorem. The standard Calderón--Zygmund decomposition as found in \[[@CR11]\] is not precise enough for these purposes, see also Remark [2.3](#FPar14){ref-type="sec"}.
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Proof {#FPar31}
-----
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Proof of Theorem 4.4 {#FPar36}
--------------------

In both cases (I) and (II), the proof of Theorem [1.3](#FPar3){ref-type="sec"} holds mutatis mutandis. Moreover, in the case (I), the same is true for Theorem [1.4](#FPar4){ref-type="sec"}, where one uses Lemma [4.6](#FPar32){ref-type="sec"}, and for Theorem [1.5](#FPar5){ref-type="sec"}, where one uses Theorem [4.7](#FPar33){ref-type="sec"}.
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Optimality of Weighted Strong Type Estimates {#Sec10}
============================================

In this section we are going to show that the weighted strong type estimates in ([1.3](#Equ3){ref-type=""}) and ([1.8](#Equ8){ref-type=""}) are optimal, given a certain asymptotic behaviour of the unweighted $\documentclass[12pt]{minimal}
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Let us first define the critical exponents that determine the asymptotic behaviour of the unweighted $\documentclass[12pt]{minimal}
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Definition 5.1 {#FPar37}
--------------
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We establish the following connection between the weighted strong type estimates for *T* and the asymptotic behaviour of the unweighted $\documentclass[12pt]{minimal}
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Theorem 5.2 {#FPar38}
-----------
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Theorem 5.3 {#FPar39}
-----------
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Proof of Theorem 5.2 {#FPar40}
--------------------

We adapt the proof of \[[@CR35]\], which is based on the iteration algorithm of Rubio de Francia. Let $\documentclass[12pt]{minimal}
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For the application of these results to sparsely dominated operators, we make the following observation.

Proposition 5.4 {#FPar41}
---------------
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Proof {#FPar42}
-----

This is an immediate consequence of the fact that$$\documentclass[12pt]{minimal}
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From the above, we can deduce optimality of the weighted estimates as stated in Theorem [1.6](#FPar6){ref-type="sec"}.

Proof of Theorem 1.6 {#FPar43}
--------------------
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Let us give an example of an operator *T* for which the exponent $\documentclass[12pt]{minimal}
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Example 5.5 {#FPar44}
-----------
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